In the past decade, researchers working on fractional-order systems modeling and control have been considering working on the design and development of analog and digital fractional-order differentiators, i.e. circuits that can perform non-integer-order differentiation. It has been one of the major research areas under such field due to proven advantages over its integer-order counterparts. In particular, traditional integer-order proportional-integral-derivative (PID) controllers seem to be outperformed by fractional-order PID (FOPID or PI λ D μ ) controllers. Many researches have emerged presenting the possibility of designing analog and digital fractional-order differentiators, but only restricted to a fixed order. In this paper, we present the conceptual design of a variable fractional-order differentiator in which the order can be selected from 0 to 1 with an increment of 0.05. The analog conceptual design utilizes operational amplifiers and resistor-capacitor ladders as main components, while a generic microcontroller is introduced for switching purposes. Simulation results through Matlab and LTSpiceIV show that the designed resistor-capacitor ladders can perform as analog fractional-order differentiation.
Introduction
The use of industrial controllers such as proportional-integral-derivative (PID) controllers are ubiquitous in the chemical, electrical and mechanical industries. Such controllers have been constructed and designed to help plant maintenance technicians and engineers maintain the desired performances of their systems by incorporating these modules in feedback and forward loops. These commercially available PID controllers are tunable at a certain extent and evidences from current suppliers and manufacturers of these devices show that such controllers are becoming better and better with additional communication and signal handling capabilities. One of the areas for improvement of such controllers is having the ability to incorporate fractional-order dynamics which could only be introduced using a fractional-order PID (FOPID) controller. Conceptually, FOPID controllers are composed of three modules: 1) a proportional (amplifier) module; 2) a fractional-order differentiator (FOD) module; and 3) a fractionalorder integrator (FOI) module, all of which are connected in parallel. This paper focuses on the FOD module.
FODs are differentiators that perform non-integer-order differentiation, e.g. -order differentiation which gets the half-derivative of a function. The term fractional-order, though construed to have order values between 0 and 1, is actually a misnomer because it pertains to differentiation having an arbitrary order that is not necessarily between 0 and 1. Furthermore, the order could also be negative in value making the system an FOI.
The study of fractional-order differentiators and integrators have been existing since the late 1600's (see e.g. in [18] ) and it has gained research momentum in the 80's and 90's due to mathematical discoveries showing that fractional-order differentiators and integrators are ubiquitous in various science and engineering fields, such as those in the biomedical, controls and automation, signals and systems, electrical and mechanical system industries, [17, 19, 26] . In fact, the number of researches in fractional-order differentiators and integrators and its application in various fields have drastically increased since the year 2000 and there is already a widespread of applications for such field-which is evidently shown in the increased number of conferences and publications in this area, [3, 5, 6, 4, 13, 23, 26] . Fractional-order differentiators and integrators are products of fractional calculus-the theory of differentiation and integration in arbitrary order.
Performing fractional-order differentiation on function f (t) can be done using the Riemann-Liouville (RL) definition as
where m − 1 < α < m, m ∈ N, α is the fractional-order of differentiation, and Γ (·) is the usual Euler's gamma function. An alternative representation called the Grunwald-Letnikov (GL) definition is in the form of
where, m > α − 1, see e.g. [25] . The Laplace transform of the RL definition is
while the Laplace transform of the GL definition is
In the case in which the initial conditions are zero, the Laplace transforms of both definitions result in the common form of
In this paper, we present the conceptual designs of the analog electronic realization of an FOD of order 0 < α < 1 having an equivalent continuoustime transfer function of 6) in which the order α is selectable between 0 and 1 with an increment of 0.05 units. We show that the design of such FODs can be done using analog operational amplifiers (op-amps) and a resistor-capacitor ladder network for the analog circuitry. The organization of this paper is as follows. Section 2 presents the theory behind the continuous-time implementations of fractional-order differentiators. In Section 3, the conceptual analog implementation of an FOD is presented, while simulations results are presented in Section 4. Practical aspects that need to be considered for industrial use are presented in Section 5. Finally, Section 6 presents some conclusions and recommendations for further study in this area.
Theory and Realization of Fractional-Order Elements
Fractional-order elements such as FODs have a constant magnitude slope of 20α dB per decade, and a flat horizontal phase at απ/2 radians, where α > 0 is the order of differentiation, [22, 29] . This result can be derived by directly getting the magnitude and phase spectrum of (1.6). FOD is also ideally known as a constant phase element (CPE)-a model that is seen to be ubiquitous in the field of biomedical engineering especially on sensor-tissue impedance studies, [9, 16, 24 ].
An FOD can be electronically realized by having an infinite number of lumped-sum RC networks [22] representing an ideal transmission line which is practically impossible to achieve due to the infinite number of components. It was reported that such FOD can be represented using continued fraction expansions (CFE) [27] expressed by rational functions of the Laplace independent variable s -resulting in an infinite RC ladder network (see Fig. 1 ), [7, 11] . However, by limiting the frequency range of application for the CPE, one can design a module composed of a finite number of components such as a finite ladder by truncating the CFE [22] that can approximately work as a CPE for the specific range of interest, and eventually become a practically-acceptable FOD [20, 21] for various applications.
The Oustaloup filter is one of the most widely-used and common analog filter representations for a fractional-order element. An Oustaloup filter is expressed as [20] :
in which the parameters are evaluated through the zeros
, and the gain K = ω α h . The parameter ω u = ω h /ω b is the average of the low and high cut-off frequencies ω b and ω h , respectively, and α is the order of the desired differentiator. Furthermore, it can be seen in (2.1) that the number of poles and zeros are equal, and would depend on the order N of the filter. The value of the filter order N can be either even or odd.
The idea of the Oustaloup filter is to generate a combination of lead and lag components, ideally spaced in the entire frequency spectrum, in order to approximate a magnitude response with a slope of 20α dB/dec. In order to get a good approximation of an FOD using the Oustaloup filter, it is important to consider the number of poles and zeros which is dictated by the filter order N .
The Oustaloup filter can be simulated using Matlab with the following script [17] : function G=ousta_fod(gam,N,wb,wh) k=1:N; wu=sqrt(wh/wb); wkp=wb*wu.^((2*k-1-gam)/N); wk=wb*wu.^((2*k-1+gam)/N); G=zpk(-wkp,-wk,wh^gam); G=tf(G);
which determines an N -th order filter to approximate a fractional-order differentiator of order γ, having the low and high cut-off frequencies ω b and ω h , respectively. A modified version of the Oustaloup filter has been proposed [31] to improve its FOD approximation characteristics in higher frequency bandwidths, but is not anymore discussed in this paper.
The use of RC ladders [8, 30] have been exercised since the mid-20th century for realizing fractional-order elements [1, 7, 10, 11] , but the approximation results were disappointing-having only a very limited bandwidth with a high number of components. An improved version of the RC ladder was introduced in [28] and has shown to be superior over its predecessors having only a small amount of components needed to perform as a CPE at a better bandwidth. The concept in [28] have been applied recently for the realization of fractional-order systems, [5, 6] . A typical RC ladder is shown in Fig. 1 which is composed of a parallel combination of series RC networks. If these resistor-capacitor values are designed in such a way that they form the power sequences
3) in which 0 < a < 1, 0 < b < 1, and −∞ < k < ∞ for integer values of k, then they will form a logarithmic scale of poles and zeros that will approximate an Oustaloup filter. In [28] , the RC ladder was modified because the previous representation required too many components to realize, in this case, an FOI of the form
for a certain frequency of interest, and decreasing its complexity was found to be necessary. In particular, it was found that the left-hand side of the RC ladder dictates the low cut-off frequency ω min > 0 and is more resistive in nature, while the right-hand side dictates the high cut-off frequency ω max > ω min having a dominant capacitive effect. The left-hand side can then be represented by a single resistor
while the right-hand side can be similarly represented by a capacitor
where m > 0 is the number of RC ladder branches to be designed. The branch resistance and capacitance values become
and
The resulting improved RC ladder in [28] is shown in Fig. 2 . The relationship between the resistors and capacitors with low and high cut-off frequencies are dictated by 10) respectively. Since the ladder will only approximate an FOI at frequencies ω min to ω max , a certain ripple will exist. The ripple in the form of variations in the phase can be associated with the variables a and b as
where ϕ is the phase ripple in degrees. The relationship of the variables a and b with the order of integration α is defined by log a = α log (ab) , (2.12)
as a direct result from [2] . The resulting admittance of the improved RC ladder becomes
The slope of the magnitude of impedance by inverting (2.13) is proportional to the order α of the integrator and its magnitude value at ω = 1 is determined using
where
15) is the average frequency. In the case where it is necessary to have an FOI of the form
16) it is necessary to recalibrate all resistance values by multiplying it by D r /D, and similarly dividing all capacitors with the same ratio. It is by necessary for D r to be an acceptably large value, especially when incorporating it in operational amplifier circuits, as discussed in the next section.
Conceptual Design of the FOD
The motivation on designing a selectable fractional-order differentiator comes from the idea of creating an industry-grade fractional order PID controller where the gain of the proportional controller, and gains and orders of the differentiator and integrator controllers are selectable. In this particular research, the discussion is focused on the FOD module and that its gain is set to be at unity gain, i.e. 0 dB.
The overall architecture of the conceptual FOD is shown in Fig. 3 . The entire system has an analog input and an analog output. The maximum output swing of the input and output voltages shall be determined by the characteristics of the input and output buffer circuits. If the input signal to the system is x (t) = A sin (ωt), then the output signal becomes y (t) = B sin (ωt − ϕ), where the ratio B/A = ω α and the phase difference in radians ϕ = απ/2 are determined by the order of differentiation 0 < α < 1, where ω > 0 is the radian frequency of the input signal. The order of integration is also selectable input from 0 to 1 with a step increment of 0.05. Therefore, there are 21 possible orders to choose from.
RC Ladder Design
The conceptual design of the RC ladder starts with the identification of the maximum allowable phase ripple Δϕ in degrees, desired gain of the differentiator D r , order of the differentiator α, number of RC ladder branches m, and initial values of R 1 and C 1 . A complete RC ladder design will only serve for one fractional order. Therefore, separate ladder circuits are needed for every selected order α. Since there are 19 possible orders of differentiation, which excludes 0 (buffer) and 1 (differentiator), there should be 19 separate RC ladder circuits to be designed. The range of frequency of operation can now be obtained through (2.9) as From these results, the primary resistor and capacitor values can then be calculated from (2.5) and (2.6) as The average impedance can be obtained by inverting (2.13) and using the In order for the ladder to function as part of an FOD, it should be incorporated in the arm of an inverting operational amplifier (op-amp) circuit since the circuit's ideal transfer function is
where Z F (s) is the feedback impedance and Z A (s) is the arm impedance which will be represented by the ladder circuit having the transfer function (2.4). Incorporating (2.4) into (3.11) will result in
In the assumption that the feedback impedance is purely resistive, i.e. Z F (s) = R F , and that the system in (3.12) is post-cascaded to another inverting amplifier, it can be seen that the overall circuit becomes a complete FOD of the form
The circuit of the designed FOD is shown in Fig. 4 . The value of R F in (3.13), which is R F 1 in Fig. 4 , must be chosen such that the entire FOD's magnitude is naturalized as 0 dB at ω = 1 rad/s. However, since the ladder circuit may not perform very well at ω = 1 rad/s given that its minimum assumed frequency of operation is ω min ≈ 100 rad/s, it is more practical to calibrate the FOD circuit at the average frequency in (3.8), which is around 890 Hz. Since the nearest decade point is at 1 kHz, the magnitude gain of the FOD should be at |G (jω)| ω=2π(1000) = ω 0.5 ω=2π(1000) = 79.2665 which is around 37.98 dB. With this calibration point, the feedback resistor R F is identified to work at R F ≈ 945 kΩ. The frequency response of the FOD is shown in Fig. 5 . From Fig. 5 , the range of operation in which the FOD is applicable is between 10 Hz to around 1 kHz, instead of 16 Hz (ω min = 100 rad/s) to 50 kHz (ω max = 312500 rad/s). This is due to the characteristics and limitations of the op-amps used which are two LT1014 quad precision op-amps [15] . According to [15] , the gain-bandwidth-product (GBP) Figure 6 . Zoomed phase spectrum of a fractional-order differentiator of order α = 0.5 focusing on the phase angle.
of an LT1014 op-amp is 1 MHz. This means that the operational amplifier at 10 kHz will only work properly with a gain of 100 (40 dB). However, the theoretical magnitude gain of an FOD circuit with α = 0.5 is |G (jω)| ω=2π(10000) = ω 0.5 ω=2π(10000) = 250.66 (47.98 dB), which is beyond the capability of the op-amp chosen. For higher bandwidth applications, an op-amp with a higher GBP can be selected.
It can also be seen in Fig. 5 that the phase angle between 10 Hz to around 1 kHz is approximately 45 degrees. This is revealed in Fig. 6. 
Selector Module
The selector module block diagram is shown in Fig. 7 . The module is composed of a microcontroller that acquires the designed order α from the user. The acquired order is then processed to provide the address of the multiplexer-demultiplexer tandem that should be selected. The address shall require log 21/ log 2 = 5 bits to operate. Due to the fact that the selected gain would require the change of ladder and feedback resistor circuits, there will be two sets of multiplexer-demultiplexer tandems for both the arm and feedback paths of the op-amp (see Fig. 8 ).
In Fig. 7 , each FOE block is composed of a set of components corresponding to the order α that is being selected. For example, the block named "FOE (0.5)" denotes the circuit needed to perform differentiation of fractional order α = 0.5. In this particular case, the "FOE (0.5)" block will contain the RC ladder in Fig. 4 for the arm path. For the feedback path, on the other hand, the "FOE (0.5)" block will contain the 743 kΩ resistor. 
Buffer Modules
The analog buffers are just simple op-amp-based practical buffers having high input impedance and low output impedance. In this conceptual Figure 9 . Analog circuit design of a fractional-order differentiator of order α = 0.5 with input and output buffers using LT1014. design, the LT1010 fast ±150 mA power buffer [14] is selected. The purpose of these buffers is just to make sure that the FOD circuit will not be affected by the input signal and the output load. The complete circuit of a half-differentiatior including the buffers is shown in Fig. 9 . Tables 1 and 2 Fig. 10 that the magnitude's slope in the applicable frequencies are running at 5 dB/dec, while a slope of 15 dB/dec is seen in Fig. 11 . Finally, the phase plots reveal that the FODs are able to ensure 22.5 and 67.5 degrees for FOD orders α = 0.25 and α = 0.75, respectively.
Simulation Results

Other Practical Considerations
Practical considerations play a role when it comes to higher orders of differentiation. It can be seen from value R F increases exponentially by the order α. For an order of α = 0.95, the feedback resistor becomes too large because enough compensation is needed to ensure that the theoretical gain of the FOD at ω = 1 rad/s is 0 dB. Aside from this fact, the bandwidth of operation of the designed FOD for higher orders tends to decrease because of the GBP limitations [15] of the chosen op-amp. This makes the bandwidth decrease by one decade, having the FOD operate only until 100 Hz. However, for lower orders like α = 0.05, the high frequency could reach up to 100 kHz.
In Section 3, it was emphasized that the tuning of the FOD can be done through R F by looking into the ω av in (2.15). However, when it comes to higher orders of differentiation, the use of (2.15) may not be valid anymore due to the GBP limitations of the op-amp used. In this case, instead of using (2.15) outright, it would be necessary to get first the magnitude response of the circuit and graphically select a frequency point of reference within the applicable range. In the case of this research, since the normal operation of an FOD is only until up to around 300 Hz, it may be necessary to choose a lower frequency point of reference such as 50 Hz or 100 Hz when calibrating R F .
Conclusions
In this paper, we have shown that it is possible to design a fractionalorder differentiator in which the order can be selected between 0 to 1 with an increment of 0.05. Theoretically, the RC ladder can perform the desired constant phase element through the order α; however when incorporated in an op-amp circuit, the range of frequencies diminishes due to the gainbandwidth product limitations of the op-amp used. In order to compensate for the correct gain of the differentiator at ω = 1 rad/s, it is necessary to find a frequency point in which the differentiator will work well, and then adjust the feedback resistor R F accordingly. Finally, it is recommended to use an op-amp having a GBP of at least 100 MHz and find the appropriate resistorcapacitor combinations to obtain practical values that are commercially available.
